
C
. Bypasses
let I be a conver surface

& a Legendria are in I that intersects the dividing set Tz

transversely) in 3 points p, pas with pips endpoints

a bypass for I (along X) is a disk D St.

1) D convex with Legendrim boundary
2)D1 = ↓ (and intersection transverse)

3) +(D) =
- 1

4)2D = X uB
5) <1 - p, up, are corners of 2D and

elliptic singularities of D

"
by Giroux flexibility can assume D

y
is

⑳
B

S

F

Ex
sig

F

n of bypass
(not really well-defined ! )



Th * 5:

I convex surface
Da bypass for I along a

then[vD has a blid N=2 x [0 , 17

S.

+. == [x 203 and

z is related to
&1 by

↓ E
I 2x 51

We say[x313 is obtained from I by attaching a bypass

along < from the front

Remark : if N=2x <0. 13 with I= 2x313
,
then we have

# ↓

2x 50) I

and we say I+ 103 is
obtained from I by attaching

a bypass along I from the back

Proof : basic idea is to look at I-invariant abld of 2 and D

then round corners



E
flatten picture

E
round

--
- -

exercise : carefully work this out

exercise : let I' be obtained from I by a bypass attachment

show
X([! ) - x(z)) = X([+ ) - X(z-)

Th *6 :

let I be a closed convex surface

I'be obtained from I by a bypass attachment

in a fight contactmanifold
Then (171 =↑ "trivial" bypass

(2) # Nz1 = #
z

+ 2

(3) #= = # Tz - 2

(4) W , is obtained from Ne by a Dehn twist about some

curve in



(5) Tz . is obtained from To by a "mystreymore"
Isee figure below)

Proof : consider the points (p.,p2, 3 = ne
let U be the dividing curve contains pi

if none of U; are some then

F + & all Vi connected now

U,
-

- so case 3)

it all O
: same then we have

- no topology 1)
E ....~ => N topology case 4)

-
F

exercise

t => ⑳ Case 2)

-

V= => O
Case 2)

essano topology case)

D
:

=>
topology case 4)*

=>
...- no topology case)- &

topology case 4)
essa

Jo--& => &
Case 2)

-

if U, = U, + W -
- - Case 4)~

=> -F F--

-

-

- :-- = case 5)"
-



it U,
EU

,
but Ve = U

, or Un

exercise : show youget 17
,
4) or 5) #

example : 52 in a right contact manifold

all bypass attachments are trivial ! Since g must be connected

example : ↑" in a fight contactmonifold

bypasses can

is be trivial

2) increase I fel by 2

3) decrease -I I/

↑) perform a right handed Dehn twist (must haveI=1= 2

in this case
note : in case 1

,
2) the attacking arc for the bypass

-

has consecutive intersections with a

E

single dividing curve
e
.g .

I
When this does not happen we say the bypass
intersects the dividing curves efficiently

Th 7:

let Tbe a convextors in a fight contact manifold
assume T is standard with dividing-shope o and ruling slope rt21, 0)

and there is a bypass Dattached to front of T along a ruling curve

the result of attaching D to T is a convertorus T'st.



(1) if 14 2
,
then IT

+
1=I

+
-2

(2) if I =2
,
then 15

+ /= 2 and slope(+1 = -

moreover
,
in case (2) region between and T' is

a basic slice

Proof :

(i) is clear from above

assome

rt (- 1
, 0) I

(2)

Region

screen
basic slice exept need to see minimally twisting

we show this by embedding R is a minimally twisting
contact structure

let (2x (0.1
,
3) be the basic slice constructed in

the proof of Lemma 3, so

Slope
x 10 D

Slope
x (1)

= - 1

can
arrange TX 10

.
1) are standard with ruling slope

r = P/q E (- 1
,
0)

-

er

so curve is qx +pl

note : 1197-PM) = 9 so ruling curve on TX303 intersects

dividing curves 29 times



1(9x-pM) · (x -1) / = 1p - 9) > 9 since
- /ge (-10)

thus if A is an annulus in T2x20.1 with

GA a ruling curve on T203 and one on

This then we can make it conver

and Na intersect
-

x 103 more than

+
2
x (1) L

-

-

i. must see -

-

-

-

-

=
-> O-

-
-

-

we can use Giroux flexibility to realize a bypass B

on A for T2x10
now (T (03) B has a nbhd contactomorphic to R

: R is minimally twisting and hence a basic slice

exercise : check this carefully might need to
consider-7 it sign of bypass not right

Exercise : check n = 1 case
E

Corollary8 :

let The a convex torus with 2 dividing curves
of slopes and ruling slope r S

suppose a bypass is attached to the front of T

along a ruling cure

letT be the resulting convertorus
S -

T will have divic ing slopes' where St [S,
] is closest

thpoint to r wi edge to



if bypass attached to back of T then slope of T

is5E[r
,
s] where s closestpoint to r with

an edge to S

Proof :

by choosing the right basis we can assume s = x

the re(.0) case is exactly Th
- T

now supposert [n ,
n + ) for some ne

there is a change of basis that fixeso and sends

↑ to -1 (of course nt goes to of

in this basis re[-1 ,
0

attaching a bypass will result in a convex torus

of slope - I

but in old basis this will ben

note : n is the point in [,
r) closest for

with an edge to a

PC·"b
·

- 2

"-3



D
.
Continued fractions and the Fareygraph

recall[9 ; 9, ...,
an] denotes

n = a
.
-

+
9

......
n

and here we have a 1-1 for 170

Set ra = [4 ; 9 .... an -1] anticlockwise ofr

r = [a ; 9) - - > an +1 clockwise of r

where [9;a,. . . ., a ms
-1) = 29j9, ..., ah+1]

example :

-

= [-2
,

- 3
,

-3]

so (- 3)
a

= [ 2
,
-3] = -

(8) = (-2
,

-3
,

-2) = -

.
exercise :

compute continued fractions of r and



compute ra,
ps for u = -"/5 :

/
,
2

, /49

Lemma 9 &

suppose r is not a non-negative integer
the number r' is the largest rational number bigger than r

with an edge for
a

the number r is the smallest rational number less thana
with an edge to r

There is an edge between r9 andn and if ra and

= I then
n =

+ p)
99+ 9

C

if r is a positive integer then r= 0,= r- 1

before proving lemma we give a few exercises

exercise :

suppose , 0,

Show . = gr-ps = -1 Es and connected by an edge
andis clockwise of

7

-
here we mean if you look
at shortest are , break
GDP into

,
then along this arc

& clockwise of

and . = 1 > f connected by an edge
and is anticlockwise of s

exercise : given v = <90; 9, ...,
an]

let = (9; 9
, ..] for k =0.



and p- 1
= 1

, p z
= 0

, q=
0 and 92 = 1

Show Pm+1 ↑R+, Ph-Pk-

9k+ 1
= 92+19

- 9p -1

exercise :

If , satisfy pg-pq = I then a

r -pig= and-
satisfyt. =

Proof of Lemmag : assume n= = 200
, ....n] is negative

we have fo = 90

, = 90-
= 0

Se

P.. p = P- 90 - Po9 ,
= (009, - 1) 01 - 9091 = -1

the exercise above gives

Pal . PR = Pre-PRa

= Pr(kip -

92- 1) - 9 p( Pm-Ph-1)
= -

P29p=

+ %P = 1

=

P
.. P . Pe = forle a e

and exercise above says there is an edge from



Pl to o and I anticlockwise of a
94 + 1

O

ze fa =P is anticlockwise off a

note: .

so exercise about says [an-1
,
an] · [an-1 ,

an+ 1) = (

and inductively if" = 190 .... an- y,
9
,

+1]

then F. =

so from above Clockwise of and

has an edge to it

finally = 290
....,an-1) is obtained from

= 19
...,
enth

by dropping last entry (it an F -2)

So from above there is an edge from F to e

.. we get C

O
pa

LPla

pa/ga

easy to see
= Pctpa

exercise : check an--2 case

check case r > 0 and ran intege

given r = = (9
...,

an] -1
we will be interested in

the shortest path in the Farey graph from F to-1



note : <90
, ...,

an +1) is the closest point to -1 with

an edge tof = 29.
, ...
an

since the edge from [9
, ..., an 11 to [90

, ..., an
+)

"Shields"f from having an edge to

a point outside interval [290. ..., a n +1)
,
[00 ... an]]

O

C:2
.

- LI->
(90

, ... an+ 1]s
so if we have a convertors T with dividing

Slope r = [ao
. . . - an]c-1 and we attach a bypass

along a ruling care of slope-1 (or s = E-40)

than the resulting torrs will has slope (no --- an +B

similarly 29.
., ..., an +2] will be closest point to -1 with edge to

Ea
.. ..., an

+ 1]

continuing we see the shortestpath from fy to -1 is

given by

240
,

-- an]
, 29 -

,
en+ 1]

,
..-

290
,
9

,
+], ..

[ap+ 1], ...,
[-2]

,
2- 1]



note : this gives Ian+ 1 + 19
n.,

+ 21 + ... + /a
,

+ 2) edges is the

shortest path

given to and + EQ with<r and sharing an edge
In the Farey graph we define

up = vy ,
0 + =v k +

O

L
Vo

2-V
,2-

V3 ... t

we call the path ... -p a continued fraction block

exercise :

show a path , ...
t is a continued traction block
R

L

there is a change of basis taking it to -1-2, ..., - my

note :

Mantil
= S90s---9n],

Ya . + 2)
= [00

. .. ,
an + 1]

, ... ,

:

vo = 29p - -an -1)
- 1) = (90

...., an -+]

is a continued fraction block since with

vo = [90
. . ..

,
↑n] and t = 290p ...,

an-]



example :
-

=
2 - 4

,
-4

,

-3]
,

- 2 = 2 -4
.

- 4
,

- 2]
,

- = =2- 4, -3)

- 1 = ( - 4
,

- 3)
,

- E = (- y
,

-2]
,

- 3 = L-3]

-3 = 2 - 3)
,

- 2 = L-2]
,

- 1 = ( - 1]

&To
I

S-&&
- 4

- 15 - 4) - 26
-

- 2 -s ↳
c

- I

# TI 7

6 = 1-3+11 + 1 -4+ 2) + 1- 4 + 2) edges
3 contrived fraston blocks each with 2 edges

- 24example :
- = E4 ,

-2
,

- 4]
,

- E = E -4
,
-2

,

- 3]
,

-3 = E - 4
,
- 2

,

-2]
,

- 3 = 2-3]
Z

- = (-3]
,

- 2 = 2-2], - 1 = 2- 1)

.&
1
&&&&&
-.-

-

4
-

E
-

2
-

↳ - ! -

I - /

5= 1-4 + 1) + 1 - 2+21 + 1- 4+ 21 edges
& contrived traction blocks one with 3 edges

and one with 2



E. Tight contact structures on
Tx [0. 1

, SXDY and p.9)

let Tightmin (T + [0.
1; So

,
s

.

) be the isotopy classes of

minimally twisting right contact structures on T So
,
1 with

Ti =Tx 33 conver with I dividing curves and shope (NT
.

) = Si

recall : minimally twisting means any convertorus
of in

↑
2
x 20 .
1 Isotopic to the boundary has dividing

slope in 250
.

5
.
]

Theorem 10 :

if -f = (90, ..., an] < - 1
,
then

1 Tightmin
(T2 x (0,

17; -P/q,
-1)) = 119+ 1) ... (an

-1
+) an

note : by changing bases this classifies all minimally

twisting contact structures on T+ (a)

let P be a minimal path in the Forey graph from so
So

,
S ,

clockwise toSi

we say so
.

S
·
is a decorated path if each edge has

been assigned a + or a-

we say two decorations on Ps
.

s.

differ by shuffling in
continued fraction blocks if each continued fraction

block contains the same number of+ signs
land hence the same number of-signs



The 10 is equivalent to

The 11 :

Tightmin (T+ 20. 17 ; So, 5
,
) is in one-to-one correspondence

with decorations on a minimal path in the Farey
graph from so clockwise to si

, up to suffling in

continued fration blocks

example :

consider Tight in 20
,
1) ; /5,

1

note:
2 continued fration blocks

= one of length 2 and other
of length 3

so 3 possible sign configurations for first
and4 I L

I / second

: we have 12 minimally twisting
contact structures

Proof that ThF 10 and 11 are equivalent :

ThE11 = 10 : from last section we know that a minimalpath

from f = [ao
. ...,
an] is given by continued fraction blocks

[90, ... an]
,
99

, ..., 9 + ]
, . .

. [9
, .... an- 1 =

1) = (90
, ..., an-1

+ 1]

29.
,

... 9 n -,

+1
, 240, -.. an -,

+ z]
,

... 290 ...

> an-21
-1 = 290 ---) an- 2

++]
:

(a
,

+ 1)
, ...

( -1]



the first continued fraction block has length lan +/

and the rest have lengh lap + 21

:
- first has land sign configurations and rest have 19pt ll

so total number of contact structures is

1(a
,

+ 1) ... (an
-

,
+1) an

Th10 = 11 : exercise : Show there is a change of basis
taking S

,
to-1 andSo to a number in (0-1)

and this change of basis takes min paths
to min paths and continued fruction blocks
to continued fraction blocks

#

If P is a non-minimal decorated path in the Fareygraph
then there will be two adjacent edges that can be

replaced with a single edge
we say the shortening is consistent if the two edges
that are replaced have the same sign
in this case the shortened path is also decorated

(justgive the new edge the sign of the removed edge)
I

E consistent

->

- I

⑪
E inconsistent



ThY12 :

given - Tightmin(T+ 10,1; so ,
si) and

= Tightmin(T+ 20.1; Si, se

corresponding to the decorated minimal paths P.
P'

if s
,
(So

,
S

, ] ,
then the result of gluing 3 and 7

together on the torus of slopes ,
will be a tight

minimally twisting contact structure
-↳S

Prp' can be consistently shortened to a

minimal path

we end the discussion of contact structures on
T x 90 .1)

with a useful lemma

lemma /3 :

given 3 Tightmin (2+ [0 11 ; so
,
si)

then there is a convex torus isotopic to the

boundary with Slopes StCS
,
5

1
]

we would now like to discuss solid fori

for this weset up some notation

given any slope st
*

let 5j = +
2

+ [01/n

where collapses the leaves of the
linear foliation on T2x303 of slope S



exercise : S
,
is a solid tous

Hint: Tx (0. 1) = AxS' where A is an annulus

given by a slope s curve onT times 20
,
13

· collapsing on boundary component of A

gives D2

We say S is the solid torus with lower meridians

Similarly S=2 x [0 . 1) /n

where collapses the leaves of the
linear foliation on T2x &B of slope S

We says is the solidtorus with upper meridians

note : So is what is normally called a solid torus S'xD2

Th14 :

if - P/q = [90
, ...
an] > -1

,
then

1 Tight(5 ;
-

P(q) 1 = 1 (90+ 1) ... (an- 1
+ 1)an)

exercise: Show /Tight(Spir)) = Right (So;)

↓int : Consider F: T
-

x 10. 1)+
2

x 20. 1

(, p,t) (4,
0

,
1- 5)

a minimal path P is Upper) mostly decorated if all



edges but the last one have a sign and
last edge has a 0

it's lower) mostly decorated if as above but

first edge has a P

th * 14 is equivalent to

Th * 15:

let p be a minimal path from ~ clockwise to s

Tight(s; r) is in one-to-one correspondence
with (upper) mostly decorations on P upto

shuffling signs in continued fraction blocks

Tight (Sris) is the same but use (lower) mostly

decorated paths

exercise :

Show ThEIT and 15 are equivalent
Ivery similar to equivalence of ThM 10 and 11

Th* 16 :

given -Tight (SM; so) and

' Tightmin It + 20.1; So
,

5
.
)

corresponding to the upper mostly decorated minimal

path P and decorated path pl

Then the result ofgluing 3
,
3 Fogether along the tori

with dividing slope so isright
L



5, [So
,
M] and Pup' can be consistently

shortened to a minimal upper mostly decoratedpath

t
here it one of the edges in the shortening
is labled O the shortening is consistent and
new edge is labled o

examp le:J~solid ( O

torus
- IO

+

.
ston
,

i shortest path so right
consisten

note : If K is a knot in M then a standard ubhd Nof K

isSe and doing ~ Dehn Surgery is the result

of removing N= So from M and gluing in S'XD
so the meridian goes to the slope r curve on

2(M -1)

this is the same as replacingSo with Sr

If U is the unknot in
3

,
then 53-nbhd (0) =So

: L(p, 9) = sou S
Pla

that is((pq) =

2
+ 90 ,1/



where collapses the leaves of the
linear foliation on T2x303 of shope -%

and the leaves of the linear foliation

on T2x313 of slope o

Th * 17 :

Hight (L (p- 91) = /(9 + 1) . . - (n +1)

where - Pla = <90
, ...,

an]

the main theorems (Th *
10

,
14

,
17) will follow from

lemma 17 :

/Tightmin (Tx [0, 1=/
,
-1) 1 = /(90+ 1) --- (n -1

+ 1)an)

Where
-

P/g = 99
. . ...,

an] < - 1

lemma 19 :

if = (9, ...,
a ]4-1 and ! = [00 ..., 92-1], thenN

/Tight (L(p ;9)// Tight (So;/) = /Fightmin ( 20 . 1; %/-1)

Proof of This 10
,
14

,
17 :

by constructing Stein fillings of lens spaces in lemma. says

1(9p+ 1) ... 19 -1)) = /Fight (L (0;91))
this and lemmas 10,

19 => all contact manifolds under

consideration have ((9pt) ... 19. ,
+) and

tight structures up to isotopy ! T=>L



Proof of Lemma 19 :

given Tight (5: P(q)

we can Legendrian realize S'xpt in S'XD= So

let N= Std ubld of this Legendria
so /Na = 2 and slope ar is longitudinal
recall this means a curve in Non and meridian
intersect one time

,
Le. edge in Fareygraph

~/3 -"
Sso slope Non = -L

,
j.L ↳

2

exercise : by stabilizing① we can assume i is
negative

note: 5 N = x 20, 1 and 31
+250

, 1)
is

minimally twisting
exercise : prove this -!

I

&

~

E

I
so 31+22011 given by.*F
(we prove this and lemmal S

- Pla
when we prove lemma 18)

so lemma 13 says- concer fors TCTx 90. 1)

isotopia to the boundary with dividing slope-
let N'= solid torus T bounds

not Kanda's Th *, The 1
.

5 says y is unique

and 35 is an elt of Tightmin (10.
1jP

=

-)

:. Tight (5;P(q) = / Tightmin( (0. 1 ; Pla, )



now given 3- Tight(((pig) we can think of

L(p1q1) = So u S-pla
let 1 = Core of Sip/q and C: Core of So

we can Legendrim relize them as L ,
L

, respectively
as above a standard ubld N' ofL has slope In

a sta ubhd NofL has dividing slope r with

an edge toPigl and by stabilizing we

can assume r is as close toPig, as

we like

(9
.... 9n) = PlaO&L&↑-la =(90 -.. 9- 1

minimally twisting so given byanparallel to the boundary
with dividing slope - P/q

let 5 = solid torus T bounds with meridian of shope-p/a
by Th 1 .

5 We know 31
,
is unique and

3) is a right stron so with dividing stope Pla
:. Hight (L(pi9)1 = Tight (Si-pla #



Proof of Lemma 18

given 3 - Tightmin(+ 20,
13;/ ,

-1) where = [00 ....
an] -1

let
,

= dividing curves on T2x(i)

assume G/S0 .1) has ruling curves of slope o
let A = S'x 10 , 1) be an annulus St

.

S'ylib is a ruling
curve on T24(1)

note tr (5x (03
· A) =

-E((s'x 303) 10) = -P
+w(s'x (1

,
A) = E((y (B)1P,

) = - 1

so we can makeA convex and Ta is

-

-

-

22 p E ?
-

3
-

L

so we must see

-

-

-

22 p & -

3
-

we can now use Giroux flexibility to see a bypass on A that

we can attach to the front side of Tx 303

let To be the result of attaching the bypass
so
T splits T x 10 , 12 into 210

,%D [2+ SYz
,
i))



from Corollary 8 and our discussion in the last section we see

T has I dividing curves of slope-"/g = 290s ..., an +1)

so Tx [0,) is a basic slice with shopes Pla and Pla,

and 2x1%, 1 & Tightmin (TI;Pig ,

+).

continuing we can split (T*x 20.1
,
3) into basic slices along

tori of slopes

[90, ... an]
,
99

, ..., 9 + ]
, . .

. [9
, .... an- 1 =

1) = (90
, ..., an-1

+ 1]

[9
,

... 9 n -,

+1
, 240, -.. an -,

+2]
,

. . . 290 ...

> an-21
-1 = 290 ---) an- 2

++]
:

(a
,

+ 1)
, ...

( -1]

each basic slice has 2 possible contact structures
this every 7 Tightmin (T + 20.

1;/; 1) is obtained by

concatenating basic slices as above

that is
,
it is given by a decoratedminimal path in

The Fareygraph from Plq to -1

so if we see we can shuffle signs in a continued fraction

block then the proof willbe complete as discussed in

the proof of the equivalence of Th*10 andI

we consider a single continued fraction block and after changing
basis we can assume the slopes of the 2 basic slices are

-n - 1
,
-n

,
-n + 1

we assume the basic slices have opposite signs
lotherwise there is nothing toprove

the 2 possibilities for A are



non-nested bypasses

:
-

-

-

↑

= +

-

A
-

-

:
L

or nested bypasses

-E
-i

in the first case we can clearly attach the bypasses
in
any order, 1

.
e. we can shuffle

in the second case we isotop A like in proof of Th
*1

A
2

↑
+

2 T,
5 = - n - 1 s = 1 5 = n+ 5 = - n - 1 s = 1 5 = n+

I T
-

so we"add copies" of torus of slope-nrl and -1 to A toget



: · :

Y -

-

↑ -

-
I :

I

:

7
-

=-N -

+

E D
I
-

--
↑
Slopen tords

I we didn't draw-n-1 torus as it can't

affect nesting)
: we can attach bypasses in any order

and hence shuffle signs ! #

Lemma 1 was about realizing slopes by Thc/2+20
, 13

,
3)

Proof of Lemma B :

If(2x 30. 17
, 3 is a basic slice with dividing slopes So

,
3
,

than for any Seaso,
3.) there is a conver forus

T

with slope (and I dividing curves) in T2x10 .1 and

is otopic to the boundary
exercise : check this(it follows from the construction

of 3)
since any 3 Tightmin (T+ [0, 11; /, -1) is a

concatenation of basic slices with slopes going from

Pla to - we are done
E



Proof of The 12:4
about gluing contact strs onTh 2011

suppose we do a consistent shortening
↳we start by considering a basic slice with s pe-2 and -

by exercise above
,
in proof of lemmals, we see a convex

torus of slope-3/2 that Splits T x 50
.
1 into x50

. %3 and

↑x32
,
13 and each of these is a basic slice

you can see from the relative Euler class computation in

ThMI that the sign of the basic slices must be the same

· we see if we can do a consistent shortening we

get a tight basic stice and if we can do consistent

shortening toget a minimal path with decorations then it

must be fight by ThMII

suppose we do an inconsistent shortening ,

after a change of basis, we can

assume the first basic slice has slopes-> and- while the second has
- 3/2 to -

50
2
x30

,2] =[ 30
,1([+ (1,2) where My = Fixsis has slope

-2
,
-3/2

,
- for 10,

1
.

2
, respectively

assume the ruling stope on all the This have slopeo

let A, = Six [0, 1) and Az = S'x <1
,2) be slope annuli with

boundary ruling curves
we see

,
after making conver, that Na

,

and Na
,

can be



-

-- -

I - -S +

-S and (1)
+

Or S2
E -

(2
D

-

A
, A2 A2
↑
up to changing orientation on Aj can assume this

We can't. have As

being f---
-

-
-

since then AVA2 would be

- -

-Ex
and we could use Giroux flexibility to arrange a curve of

slope - that would imply T2x [0, 1) was not minimally
twisting, but from above we saw a consistent

shortening always gives a basic slice (e mintwisting)
in case (2) above we see

=I
so Giroux criterion implies this is overtwisted



the other case must be tight from above

Proof of Th * 16 :

-
about gluing contact strson 2001 and SD2

let 3E Tight (so; - 1) : is uniquel by Th .
5

from the construction of 3 in Th*.5 We see there

is a convex torus T isotopic to 250 with I dividing
curves of slope - 'I

↑ splits (58, 3) into the unique element in Tight (s: -1)

and one of 2 elements in Tightmin( So
,
1); 2)

by reversing orientation on? we can assume this basic

slice has any sign !

thus shortening a path - to -12 to 0 with a I on the

first edge and a 0 on secondmust be right.

exercise : finish the proof of the theorem

lessentially same as proof above
after above observation) #


